Abstract Distributed quantum computation requires to apply quantum remote gates on separate nodes or subsystems of network. On the other hand, Toffoli gate is a universal and well-known quantum gate. It is frequently used in synthesis of quantum circuits. In this paper, a general protocol for implementing a remote -qubit controlled-gate is presented with minimum required resources. Then, the proposed method is applied for implementing a Toffoli gate in bipartite and tripartite systems. This method also is optimal when group of the qubits belong to one part, section or subsystem of network. Beucase it only use one entangled qubit for each group of the qubits in mentioned conditions.
In recent decades, only, a few papers [24] [25] [26] has focused on implementing remote quantum gates. paper [24] presented a method for implementing remote n-qubit Toffoli gate. Also in [25] a method for implementation of remote three-qubit Toffoli gate using of an auxiliary 4-dimensional quantum system is presented. Then, using synthesizing a -qubit Toffoli gate to three-qubit Toffoli gates, an implementation for -qubit remote Toffoli gate is presented. These methods are not optimal when there are some of qubits in one node or subsystem of network.
In this paper, we presented a general protocol for implementing of remote n-controlled-U gate using minimum resources. In comparing with previous works, this method is especially optimal when many of qubits belong to one part, section or subsystem. in other cases, the proposed method is same with previous works in used resources.
The rest of the paper is organized as follows: Section 2 present some related background about quantum computation and distributed quantum circuits. In Section 3 the proposed method is introduced in details. Section 4 present a comparison and discussion about the proposed method. Finally, Section 5 concludes the paper.
2
Basic Concepts Quantum states can be represented by vectors or a more famous notation of bra/Ket. Kets (shown as | 〉) display column vectors and are generally used to describe quantum states. The bra notation (shown as 〈 |) displays transpose conjugate of x vector (| 〉). 2 , in which denote set of complex number.
A qubit is a unit vector in a complex two-dimensional space that the specific basis vectors with the notation of |0〉 and |1〉 have been selected for this space. The base vectors of |0〉 and |1〉 are quantum counterparts of classic bits of 0 and 1, respectively. Unlike classical bits, qubits can be in any superposition of |0〉 and |1〉 like |0〉 + |1〉 where α and β are the complex numbers such that | | 2 + | | 2 = 1. If such a superposition is measured compare with the base of |0〉 and |1〉, then |0〉 and |1〉 are observed with probability of | | 2 and | | 2 , respectively.
Quantum and reversible gates
Quantum logic is inherently reversible [27] . Quantum operations can be achieved with a network of gates. Each quantum gate is a linear transformation that is defined on the n-qubit Hilbert space by an effective unitary matrix. The matrix U is unitary, if † = 1 where † is the transpose conjugate of matrix U. In the following, a definition of well-known quantum and reversible gates used in the proposed method is presented. The first, a -qubit Toffoli gate [28] can be defined as the form ( , ), where = { 1 , 2 , … , } ⊂ is set of control lines and = { } with ⋂ = 0 is the target line. If all the controls have value 1, the target line is inverted; otherwise the value on the target line is passed through unchanged. For = 0, = 1, and = 2 the gates are called , , and 2 ( ) respectively. Generally, above definition can be used for each -qubit controlled gate. Another operation used in the proposed method is Hadamard, ( ) and operations that can be defined as the following: from top to bottom represents the ith qubit, qi. In quantum information science we think of entanglement, and especially distributed entanglement, as a resource that is useful for tasks such as quantum key distribution, teleportation, and distributed quantum computation.
There are two kinds of quantum gates in the DQC, namely, local and global gates. In local gate, controls and target qubits belong to the same partition, node or subsystem while control and target qubits belong to different partitions, nodes or subsystems in a global gate.
In the next section our proposed method for implementing an n-qubit controlled-U gate in a distributed quantum circuit is described. This gate can be used in a distributed quantum system.
Proposed Protocol
In this section, a novel protocol is presented for implementing a global (remote) -qubit controlled-gate in a distributed quantum circuit. Then the protocol is applied especially for implementing a Toffoli gate. Fig. 2 .a shows the proposed protocol for an -qubit controlled-gate distributed between three remote nodes, parts, or subsystem, A, B and C. But, generally, it can be generalized and used with more parts, nodes or subsystems. As shown in Fig. 2 .b, control lines of corresponding gate are qubits 1 , … , , 1 , … , , 1 , … , −1 and target line is . The steps of the proposed protocol are as the following:
Step 1. If many qubits exist in possession of one node, section, or subsystem then, they are placed in one group. Especially, if target line exists in one section, it is called target group. For example, Fig. 2.b) shows a remote Toffoli gate in possession of three section A, B and C that it can be converted to three groups include of Group A, Group B and Target Group.
Step 2. For each group that is distinct from target group, an entangled state (Bell state) is added belong to this group and target group. For example, in Fig. 2 , there is two distinct parts (Group A and Group B) and Target Group. So, it need to two dependent Bell state between Group A and Target Group (qubits and 1 ) and Also, Group B and Target Group ( and 2 ).
Step 3. A Toffoli gate is applied between each group as control line and its corresponding entangled qubit as target line. Then, a basis-measurement is applied on corresponding entangled qubit and then its result is transmitted to another entangled qubit that is belong to target group, on classical channel and if its result is |1⟩ a NOT ( ) gate is applied in corresponding target group. For example, in Fig. 2 , a Toffoli gate is applied between qubits 1 to as control line and as target line. Afterwards a measurement based on Z on qubit is applied and its result is transmitted to target group with a) b)
classical channel. then a CNOT gate is applied so that the measurement result is as control qubit and qubit 1 as target qubit. This action is done for other groups (except target group).
Step 4. A controlled-gate is applied between all qubits belong to Target Group as control lines and main target qubit as target line. For example, in Fig. 2 , a controlled-gate is applied to qubits 1 , 2 , 1 , … −1 as control line and as target line.
Step 5. A measurement based on is applied to entangled qubits belong to Target group and then results are transmitted to dependent groups to entangled state. Then, according to this results, a controlled-is applied to qubits in dependent groups. For example, in Fig. 2 , a measurement based on X is applied to qubit 1 ( 2 ), then results are transmitted to dependent groups i.e. Group A (Group B). If results are |−⟩, then a controlled-gate is applied to qubits 1 to −1 ( 1 −1 ) as control line and ( ) as target line. Finally corresponding remote Toffoli gate is applied and the protocol is successfully finished.
In the following, two special case of global Toffoli gate is explained using the proposed protocol in details.
a. Toffoli Gate on a Bipartite System
Suppose qubit 1 ( 1 , 2 ) belong to Alice and qubits 1 , 2 ( 1 ) belong to Bob as shown in Fig. 3.a) (Fig. 3.b) ). So, in this case, there are two section, node or subsystem, group A and target group. For applying remote Toffoli gate between Alice and Bob so that qubits 1 and 1 ( 1 and 2 ) are control qubits and target is 2 ( 1 ), two qubits and are defined as maximally entangled state as a quantum channel between Alice and Bob as the following: 
Then, the following steps are applied:
Step 1. Controlled-NOT gate (Toffoli gate) is applied so that 1 ( 1 and 2 ) is as control qubit and is target. The next state of system is as Eq. (4) 
Step 2. Alice apply single-qubit measurement on her qubit in -basis. Then, according to that, she notify to Bob her result and apply operation to his qubits so that if Alice's measurement result be one, Bob apply operation to qubit .
Step 3. In this step, Bob apply a local Toffoli gate (CNOT gate) between qubits 1 , ( ) as control qubits and 2 ( 1 ) as target so that if qubits 1 and ( ) be one then, target 2 ( 1 ) is one. Afterwards, the general state of system is as Eq. (6) (Eq. (7)).
( Step 4. After applying Toffoli gate (CNOT gate), Bob, apply single-qubit measurement on his qubit in -basis. Then, he notify his measurement result to Alice. Afterwards she apply (controlled-) operation according to Bob's measurement result. If his measurement result be |−⟩, she apply (controlled-) operation to 1 ( 1 and 2 ) . Then, the general state of system is as Eq. (6) and the protocol is successfully finished.
0 |000⟩ + 1 |001⟩ + 2 |010⟩ + 3 |011⟩ + 4 |100⟩ + 5 |101⟩ + 6 |111⟩ + 7 |110⟩ (6)
b. Toffoli Gate on a Tripartite System
In this section, as shown in Fig. 4 , we suppose the global Toffoli is so that two control qubit ( 1 and 1 ) are belong to Alice and Bob, respectively; and target is belong to Charlie ( ). So, in this structure, there is three Group A, B and Target Group. For this aim, we need to a four qubit entangled state as a quantum channel so that qubits and belong to Alice and Bob and also, qubits 1 and 2 belong to Charlie. Quantum Channel created can be descripted as Eq. (7). 
The general state of system is as Eq. (9).
Step 1. CNOT gates are applied so that 1 and 1 are as control qubits and are targets, respectively. The general state of system is as (10). 
Step 2. In this step, Alice and Bob apply single-qubit measurements on their qubits and in -basis, and notify your results to Charlie. Then, Charlie apply controlled-NOT operations to his qubits 1 and 2 according to their measurement results so that if measurement result is |1⟩, then he apply operation to corresponding qubits. The general state of system is as (11). 
Step 3. Charlie apply a local toffoli gate between qubits 1 and 2 as control qubits and as target. The next state is as (12). 
4
Comparison and Discussion In this section, a comparison is presented between the proposed protocol and the previous works [25, 24] as shown in Table  1 . In this table, for simplicity, especially consider bipartite and tripartite Toffoli gate in previous section in terms of the number of entangled gates, the number of auxiliary qubits, the number of applied operations and the number of measurements. As shown in this table, CE, SM and FM stand for controlled elevation as introduced in [25] , single-qubit measurement and four-qubit measurement, respectively. In [25] , a method is presented for applying remote Toffoli gate using an auxiliary fourdimensional quantum system. Then for generalizing this method, a -qubit toffoli gate is converted to many Toffoli gate and this method is applied on it. In [24] , a method is proposed for applying -qubit Toffoli gate. In this method, an entangledqubit is considered for transmitting each qubit. So, these methods use additional resources and are not optimal. In this paper, we present a method for applying -qubit controlled-gate using division of qubit's ownership to groups. So, in this method, result of each group is transmitted to target group. In this regard, the proposed method is optimal into previous ones especially when we need to apply a -qubit Toffoli gate with group of qubits in one subsystem, node or part. Because this method only use one entangled qubit. For example, consider scenario proposed in Fig. 1 . This figure shows a remote Toffoli gate with 3 inputs so that -inputs belong to Alice, -inputs belong to Bob and -inputs belong to Charlie. Table 2 , show a comparison between the proposed method and [24] for this scenario. As shown in this table, our method has used fewer resources compared previous ones in terms of number of entangled resources, applied operations and measurements. 5 Conclusion In this paper, a general protocol for implementing a remote n-qubit controlled-U gate was presented with minimum required resources. Then, the proposed method was applied for implementing a Toffoli gate in bipartite and tripartite systems. This method was also optimal when many of qubits belong to one part, section or subsystem of network.
